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Abstract 

Two new classes of metrizable vector bundles have been presented in the papers 
[1] and [4]. The Lie algebroid generalized tangent bundle of a dual vector bundle 
is presented. This Lie algebroid is a new example of metrizable vector bundle. 
A new class of Hamilton spaces, called by use, generalized Hamilton (p, f?)-space, 
Hamilton (p, ?7)-space and Cartan (p, ?7)-space are presented. The results obtained 
in the particular case of Lie algebroids emphasize the importance and the utility of 
our new method by work. In particular, if all morphisms are identities morphisms, 
then the classical results are obtained. 
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1 Introduction 



The study of the geometry of the usual Lie algebroid 

((TT*M, T t*M,T*M) , [, ] TT , M , (IdTT*M,Id,T*M)) 

with a metrical structure 

g = gVdpi <g> d Pj € T I (VTT*M, t t *m, T*M) , 

was extensively examined by geometers and physicists in the framework of generalized 
Hamilton space, (see [15]). 

We know that a regular Hamiltonian on T*M is a smooth function T*M — ► R 
such that the Hessian matrix with entries 

Aj _ 1 d 2 H 



2 dpidfj 



is everywhere nondegenerate. If the metrical structure of a generalized Hamilton space 
is determined by a regular Hamiltonian, then we obtain the Hamilton space. The 
concept of Hamilton, introduced by R. Miron in [14, 13] , vas intesinvely studied in 
[6, 7, 8, 10, 16, 17, ...] and it has been succesful as a geometric theory of the Hamiltonian 
fundamental function, the fundamental entity in Mechanics and Physics. In the general 
framework of generalized Lie algebroids, the geometry of the Hamilton fundamental 
function has been developed in the paper [3] . 

If H is square of a function on T*M, positively, 1-homogeneous with respect to the 
momentum pi, then an important class of Hamilton spaces, called by use Cartan spaces, 
were introduced by R. Miron [11, 12]. The geometry of Cartan space is a subgeometry 
of the geometry of the Lie algebroid 

((TT*M, t t *m, T*M) , [, ] TT , M , (Id TT *M,Id T *M)) ■ 

Important contributions to the geometry of Cartan spaces were obtained E. Cartan 
[5] and A. Kawaguchi [9] , ... 

The study of the metrizability in the general framework of generalized Lie algebroids 
was extensively studied in the papers [1, 4]. Using a generalized Lie algebroid, we obtain 
the Lie algebroid generalized tangent bundle 



of dual vector bundle I E, tv, M ] . Using the basic notions and results presented in 



Sections 2, 3 and 4 we study the metrizability of this Lie algebroid in Section 5. In the 
particular case of Lie algebroids, we obtain important results. Moreover, we obtain new 
results for the metrizability of the usual Lie algebroid 



TE,t* , E 



E J TE 



Aid ,,Id. )) . 

\ TE E/ J 



Finally, in Section 6, we introduced a new class of Hamilton spaces, called by use 
generalized Hamilton (p,r]) -spaces, Hamilton (p,r]) -spaces and Cartan (p, r/) -spaces. 

In the particular case of Lie algebroids, new and important results are obtained. In 
particular, if (p,rj,h) = (Mtm, IdM, Wm) , then the classical results are obtained. 
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2 Preliminaries 



Let Vect, Liealg, Mod, Man and B v be the category of real vector spaces, Lie alge- 
bras, modules, manifolds and vector bundles respectively. 

We know that if (E,n,M) G |B V | , T(E,tt,M) = {«£ Man (M, E) : u o vr = Id M } 
and T(M) = Man (M, R) , then (T (E, ir, M) , +, •) is a T (M)-module. If ((p,<p ) G 
B v ((£, 7r, M) , (£", 7r', M')) such that 99 G Iso Ma n (M, M') , then, using the operation 

T(M) xF(E',tt',M') — > r^ir'.M') 

it results that (r (E', tt', M') , +, •) is a T (M)-module and we obtain the Mod-morphism 

r(£,7r,M) r(yW,) ) r(£',7r',M') 

u i — ► r((p,(p )u 



defined by 

r(<p,<p )u(y) = p («„-!(„)) , 

for any y G M'. 

Let M,N e | Man | , /i G Iso Ma n (M, iV) and 77 G Iso Ma n (-/V, M). 
We know (see [1,3,4]) that if (F,v,N) G |B V | so that there exists 

(p, V ) eB v ((F,u,N),(TM,r M ,M)) 

and also an operation 

T(F,u,N)xT(F,u,N) ^ r(F,^,iV) 
(u,v) 1— > [u,«] F)ft 

with the following properties: 

GLA\. the equality holds good 

I u ' / ■ "If,/. = / [ u ' u l F,ft + T (T/i o p, /i o 77) (u) / • v, 

for all u,v eT (F, v, N) and / G T (N) . 

GLA 2 . the 4-tuple (t (F, v, N) , +, -, [, is a Lie T (iV)-algebra, 
GLA3. the Mod-morphism T (Th o p, h o 77) is a LieAlg-morphism of 

(r(F,v,N),+,;[,] Fh ) 

source and 

(r (TN,r N ,N),+,;[,] TN ) 
target, then the triple (^(F, v, N) ,[,] Fh , (p, f?)^ is called generalized Lie algebroid. 

In particular, if h = IdM = Vi then we obtain the definition of the Lie algebroid. 
Let ((F,v,N),[,] Fh ,(p,r))) be an generalized Lie algebroid. 
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Locally, for any a, (3 G l,p, we set [ia,^]^ = T^tj. We easily obtain 
L^, = -Ll, for any a, /3, 7 € T^P- 



that 



The real local functions £^g, a '<^>7 e 1>P wm be called the structure functions of 
the generalized Lie algebroid (^(F, u, N) ,[,] Fh , (p, T])j . 



• We assume the following diagrams: 

P , 



F 

I v 
N 



n 



TM 
M 



Th 



+ TN 

I Tat 

N 



where i,i G l,m and a G 
If 



and 
then 

and 



(xW)^(x*'(x%^'(xW)), 

/4 — i± a 6 , 



• We assume that (0, n) = (Th op,ho V ). If z a t a £ T (F, v, N) is arbitrary, then 

r (Th o p , h o r,) (z a t a ) f {h o n (x)) = 

(2 ' 1} = (0U a ^?) (h o 17 (x)) = fc) (z« o /») d -0) (r, (x)) , 

for any / G J" (AT) and x € iV. 
The coefficients respectively 0^, change to p l a - respectively l a - according to the 



rule: 




(2.2) 


Pa 1V aPa dxi , 


respectively 




(2.3) 


- <9x r 


where 
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Remark 2.1 The following equalities hold good: 

(2-4) ^°C = (^)° W6;(JV) ' 

and 



(2-5) ( n h \fk A a ^ 9 (gj ° N ^ g (p£ ° h ) 



If (E,n,M) G |B V | , then we have the B v -morphism 

n* (h*F) ^ F 

(2.6) n (h*u) 1 I v 

E hoi i iV 



Let ( p ,IcIe) be the B v -morphism of I 7r (h*F),Tr (h*v),E\ source and 



TE, t * ,E ) target, where 

E 



i*{h*F) 



(2 7) n (h*F) — TE 1 

(X) -> (z° ■ o * o ;) A 

Using the operation 

r(V (h*F)X (h*v),Ej 2 [ ' ]r( "* F) > r(V(/i*F),7T(/iV),£ 
defined by 

( 2 - 8 ) /r„] . >F) = / (H, o * o ;) r 7 + (p> * o ;) ^T,, 

for any / G J 7 ( -E ) , it results that 



(/, 1 » . E ) , [, ].. , ( * % F \ Jd. 



is a Lie algebroid. 
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3 Natural and adapted basis 

In the following we consider the following diagram: 



(3.1) 



M ■ 



where (E, it, M) G |B v | and {{F, v, N) , [, ] Fh , (p, 77)^ is a generalized Lie algebroid. 

We take (x l ,p a ) as canonical local coordinates on ^E,tt, M^j , where i E l,m and 
a G 1, r. Let 

(xSpo) — »• (x f (V) ,Po' (scSPo)) 



be a change of coordinates on ( E, ir, M ) . Then the coordinates p a change to p a / by 
the rule: 



(3.2) 
Let 

(3.3) 



Pa> = M> a . 



d d \ Vut 

dx l ' dp a 



d,;,d 



be the natural base of the dual tangent Lie algebroid ^ ^TE, r^, E^j , [, ]^ , (jd^*^, Id^j 
For any sections 

Z a T a G r (tt* (h*F) , k (/i*F) , J? 



and 



we obtain the section 



Y a d eT (VTE,T^,E] 



Z a (p^o/tof) di + Y a d J erf^ (h*F)®TE,n,E\ . 



Since we have 



z«a Q + y a a =0 
z a T a = a z q (p> /, o 5, + y a d a = 0, 



it implies Z a = 0, a G l,p and Y" a = 0, a G 1, r. 



Therefore, the sections d±, d p , d , d are linearly independent. 

We consider the vector subbundle I (p, rf) TE, (p,rf)T* ,E ] of the vector bundle 



7T © TE, ir,E \ , for which the J" I E \ -module of sections is the T I E \ -submodule 



of ^7r (h*F) ®TE,tt,E j ,+, -J , generated by the set of sections ^d a ,d j which 
is called the natural {p,rf)-base. 

/ * * \ 

The matrix of coordinate transformation on ( (p, 77) TE, (p, t])t^E \ at a change of 

fibred charts is 
(3.4) 

We have the following 



A"' O /l O 7T 



(pa olio^) 



0M? 



O 7T 



Theorem 3.1 Let ( p, ^*,J ^ e ^ e B v -morphism of y (p, n) TE 1 , (p, 77) r^, £ ) source 
and [TE,TyE] target, where 



(3.5) 



{p,n)TE~K TE 

(z a d a + Y a B ^ (u x ) — > ^(p^o^^+y^^) 

Using the operation 



T[(p, V )TE, (p,v)r k ,E 



T[{p,r ] )TE, (p, V )r k ,E 



defined by 



a \ / * ■ ^ 



(3.6) 



Z?d a + Y a l d ),[Z?dp + Yjd 
Z^T a ,Z^T„ 



7T 



(p, V )TE 

p^oho^z^k + Y^d 1 , 

b 

(jjpohotyzfdj + Yfd 



J TE 



for any Zfd a + Y*d and Z^dp + Y^d J , we obtain that the couple 



1 * , p,Id* 



is a Lie algebroid structure for the vector bundle ( (p, 77) TE, (p, rf) Ty E ) . 



The Lie algebroid 



( P ,n)TE,(p, v )T k ,E),[,} MTk ,{~p,id E 



is called the Lie algebroid generalized tangent bundle of dual vector bundle ^E, it, M 
We consider the B v -morphism (^(p,rj) ir\, Ld*^J given by the commutative diagrai 



(p,r])TE ^tt (h*F) 



(3.7) 



pri 



id* 

* E * 

E ** E 



This is defined as: 
(3.8) (p, rj) n\ {z a ~d a + Y a 8 j (u x ) = (Z a f a ) (u x ) , 

for any Z a 8 a + Y a 8 € Up, rj) TE, (p, rj) r . , ^ . 

Using the B v -morphisms (2.6) and (3.7) we obtain the tangent (p,rj) -application 
((p, rj) Tn, honj of ^(p, rj) TE, (p, rj) r^, E^j source and (F, v, N) target. 
Definition 3.1 The kernel of the tangent (p, ^-application is written 



V(p, V )TE,(p,rj)r k ,E 



and it is called the vertical subbundle. 

We remark that the set |<9 , a G l,r| is a base of the T ( E ) -module 

T (v {p,rj)TE,{p,rj)r*,E \ ,+, 



Proposition 3.1 The short sequence of vector bundles 



(p,7?)7r! 



C ^V(p,7j)TE C *" (p, n)TE ^tt -0 



(3.9) 



Id* 



E ' 



^E- 



id* 

E 



^E- 



id* 

E 



Id* 



^E 



E * 

** E 



is exact. 
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Let (p, ??) T be a (p, ^-connection for the vector bundle yE, tt, M ) , i. e. a Man- 
morphism of (p, rj) TE source and V (p, rj) TE target defined by 

/ * b\ .b 

(3.10) (p, r,) r + y 6 a (X) = (v b - ( P , v ) r ba z a ) 8 [u xl . 



such that the B v -morphism ^(p, 77) T, is a split to the left in the previous exact 

sequence. Its components satisfy the law of transformation 

(3.11) (p, V )r w =M*oZ -(^oAo^^+lp,,)^ (A^o/io^). 

In the particular case of Lie algebroids, (rj, h) = (IcIm, I<Im) , we obtain 



(3.11)' pT^=M*on 



^7 7r ) -9^Pa'+P r fe7 



(a>£). 



In the classical case, (p, rj, h) = (IcIte, Id-M, IcIm) , we obtain 



(3.11)" 



6>M°07T 

Q x i Pa 1 1 bk 



- O 7T . 



The kernel of the B v -morphism ^(p, 77) T, is written yH (p, rj) TE, (p, rj) Ty E 

and is called the horizontal vector subbundle. 

We remark that the horizontal and the vertical vector subbundles are interior dif- 
ferential systems (see [2]) of the Lie algebroid generalized tangent bundle 



(p,r ] )TE,(p,r ] )r k ,Ej,[,] MTk ^p,Id E 



We put the problem of finding a base for the T ( E ) -module 



T[H(p,7 1 )TE,(p,7 1 )T k ,E) ,+, 



of the type 
which satisfies the following conditions: 

(3.12) 



5 a = + Y aa d , a E 1, r 



r((p,r/)r,/^j [ f ) , ] - o. 



Then we obtain the sections 



(3.13) 5 a = 8 a + (p, 7/) r fca 9 = T a M p l a o h o *di + (p, rj) r ba d J 



such that their law of change is a tensorial law under a change of vector fiber charts. 
/ * ' a \ 

The base <5q,,<9 will be called the adapted (p,r])-base. 
Remark 3.2 The following equality holds good 



(3.14) 



* \ * 

p^oho-Kj di + (p,r])F ba d b . 



Moreover, if (p,rj)F is the (p, ^-connection associated to a connection T (see [1]), 
then we obtain 



T[p,Id*) [S a ) = [piohoTT )5i 



(3.15) 

V a J V / x ' 

where ^Si, <9 a ^ is the adapted base for the T ^E 1 ^ -module {v ^TE, Ty E^j , +, 

/. »\ 

Let (dz a ,dp a ) be the natural dual (p, r/)-base of natural (p, ??)-base d a ,d 
This is determined by the equations 

dz a ,d^=5% (dz a ,d^J=0, 
dpa, d^j = 0, l^dp a , 8 ^ = S b a . 
We consider the problem of finding a base for the T (^^j -module 



r(Jv(p,r,)TE) ,((p,7/)r.)* ,#),+,-) 



of the type 



Spa = O aa dz a + uj b a dp b , a G 1, r 
which satisfies the following conditions: 

(3.16) (sp a ,B ^ =S b a A(sp a ,~S a ^ =0, 

We obtain the sections 

(3.17) 5p a = -(p,r])T aa dz a + dp a ,ael~r. 

such that their changing rule is tensorial under a change of vector fiber charts. The 
base (dz a ,Sp a ) will be called the adapted dual {p,rj)-base. 
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4 Tensor d-fields. Distinguished linear (p, rj) -connect ions 

We consider the following diagram: 

E ( F ' [' W ' (P' l)) 



M >7V 



where (E, it, M) G |B v | and [{F, v, N) , [, ] Fh , (p, 77)^ is a generalized Lie algebroid. 

Let (p, rj) T be a (p, 7i)-connection for the vector bundle ^E, tt, M^j . 
Let 

W^[{ P ,fi)TE,{p,fi)T h , £)>+>•) 
be the J 7 I .E ) -module of tensor fields by (q,'s)-type from the generalized tangent bundle 



H (p, V )TEeV (p, 77) TE, (p, 77) t y E 
An arbitrarily tensor field T is written by the form: 

Let 



T[(p,v)TE, (p,r ] )r k ,Ej ,+,-,. 

be the tensor fields algebra of generalized tangent bundle ^(p, 77) TE 1 , (p, 77) r^, E 

If IiG7^? f(p, 77) TE, (p, 77) r k , *e) and T 2 e7^f 2 2 ((p, 77) TE, (p, 77) r . , E^ , then 

the components of product tensor field Ti <S> T 2 are the products of local components of 
7i and T 2 . 

Therefore, we obtain Ti ® T 2 € T^+^Z? ((P, »/) T ^ (P, »/) ^ ■ 
Let VT I (p, 77) TE 1 , (p, 77) r* , E ) be the family of tensor fields 



TeT[{p,ri)TE,(p,v) TyE 
for which there exists 

and 

T 2 €7£ r ((p, 77) TE,(p, 77) r«,E 
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such that T = T 1 +T 2 . 

The T (jsj -module [t>T ^(p, 77) TE, (p, 77) r^, , +, will be called the module 

of distinguished tensor fields or the module of tensor d-fields. 
Remark 4-1 The elements of 



r^(p,r,)TE,(p,r,)T h ,E 

respectively 

r(((p, V )TE)\((p,r,)T h r,E) 

are tensor d-fields. 

Definition 4.1 Let (p, 77) T be a (p, 77) -connection for the vector bundle ^E, n, M 
and let 

(X,T)^(p,r,)b x T 
be a covariant (p, 77)-derivative for the tensor algebra of generalized tangent bundle 

(p,r ] )TE,(p,r ] )T k ,E 

which preserves the horizontal and vertical IDS by parallelism, (see [2]) 

If (ll, su^j is a vector local (m + r)-chart for ^E, n, M^j , then the real local functions 

(* Q * a ^ ac jfbc 

(P> »?) #/3 7 i (P> »?) #6 T i (P> V) V /3 > (P> »/) 

*-l 

defined on 7r (17) and determined by the following equalities: 



(p,rj)D, Sp = (p,ri)H /3l S a , (p,ri)D*d = (p,r])H bl d 

* i * ac ; * i b * bc i a 

{p,-n)D./8p = {p,ri)V p ~8 a , (p,r])D.cd =( Pl r])V a d 



d d 

are the components of a linear (p, ry)-connection 

* * 
(p,r?) fl", (p,r?)y 



for the generalized tangent bundle y[p,r])TE,(p,r])T*^,Ej which will be called the 

distinguished linear (p, 77)- connection. 

If h = Mm, then the distinguished linear (Htm, IoIm) -connection will be called the 
distinguished linear connection. 

(* * \ 
H,V) will be denoted 

* i * a if ic ifbc 
H jki H bk, V j i V a 
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Theorem 4.1 If l(p,rj)H,(p,rj)Vj is a distinguished linear (p, /?)- connection for 

(* * \ 

(p, rj) TE, (p, rj) Ty E j , then its components satisfy the 

change relations: 



* a 



(P. V) H "fly = O h O TT 



r p,Jd. U 7 A 



^ O ft. O 7rj 



+ 



/3 * 



(4.3) 



{p,rj)H w =M-'ott 



+ (p,r ] )H h -M^o 7 r 



■ AZohon, 



* tec * etc 

(p,r?)^ = A«'ofto 7 r-(p,r ? )F /3 • A^o ft o vr • M c c 'o vr, 



(p,!?)^ =M a a 'o7r.(p,77)F 6 -M^ott-M^ott. 
Corollary 4.1 /n £fte particular case of Lie algebroids, (77, ft) = (IcIm, IcIm) , we 



(4.3)' 



P#/3y = A^'ovr 



r (p, /d. ) (1 7 ) (m« o + . m£ o £ 
pV> = A«'o;. p y".A^o^.M c c 'o;, 

* ac 

M%'on-pV b ■ M\ov ■ M c c 'o£. 



• AXovr, 



" Ay O 7T, 



* ac 
P^ 6 ' 



In ifte classical case, (p,r],h) = (IdrE, Id-M, IcIm) , we obtain that the components 
of a distinguished linear connection (H, V) verify the change relations: 



TT _ dx % 

jK ~ dx l 



O 7T 



(4.3)" 



H w =M«ott 



* ic 
V f 



5x^ [dxT 07T ) + H ik • fe7 ^ 



a 

^^■Vj^on-M;: ,.t. 



9x fe * 
dx k ' ° 7r ' 



a T fe * 
" 7T, 



Vi,- 



M%'on-V b • M£ott • Mfox. 



Example 4.1 If ^.E, 7r, Mj is endowed with the (p, ^-connection (p, 77) T, then the 
local real functions 

' d{p,rj)T bl d(p,r))r bl 



(4.4) 



dp a 



-,0,0 



13 



are the components of a distinguished linear (p, rj) -connection for the generalized tangent 
bundle 

(p,i])TE, (p,i])T^,EJ , 

which will by called the Berwald linear (p, r/) -connection. 

/ * * \ 

Theorem 4.2 // the generalized tangent bundle I (p, rj) TE, (p,-n) t * , E \ is endowed 



E 

* * 

with a distinguished linear (p,r/)- connection {{p,rj)H , (p,rj)V), then, for any 
X = Z% + Y a d er(( M )TB,( M )r,,Bj 

and for any 



TeT£ r [(p,r])TE,(p, V )T^E), 

we obtain the formula: 



(p, v ) d x ® - ® ^ ® ^ ® 

.61 . b s \ 

9<g><9 (8) ...<8> 9 <8 5p ai (8) ... <8 5p ar ) = 



(4.5) 



.61 



where 



= z^Tfj^;;;^s ai ®...®~5 ap ® dz^ ® ... ® ^ ® a ® 
®d ® <yp 01 ® ... ® sp ar + Y c T%l^j£;;£ | c S ai ® ...® 

* ■ 61 ■ b s 

®~5 a „ ® dz 13 ! ® ... <g> dz 13 " <g> d ®...®d ® 5p ai <8> ... ® <5p ar , 



r r ai...a„ai...a r r / ~ r , \ ( r \ mai...« p ai...a r 



+ (p, ??) H ai T pi ^ bs + ... + (p, 77) iT^T^ ^ 6s 



(4.6) - (p, „) ^ iT t^;;;;I s - ... - (p, „) h^;;^^ 

- (p, v) €?;;:;:cc - ... - (p, ^ C r ?:XCX r - ia 

1 / \ rj rr ai...a p ai...a r , \ „ rr ai...a p ai...a r 

+ (p, 7]) H bl7 T^ y^ bb2 bs + ... + (p, n) H hsl Tp i P * bi bs _ ib 
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and 

rr a 1 ...a p a 1 ...a r , c _ -p / _ r , \ / S \ T «i ...a p ai ...a r 

1 p 1 ...p q b 1 ...b. I - 1 1^%) I 01 I ' ;•....;,/"•••'*• 

+ (p,r/)y a t Pi Ab \ bs +... + { P , v )v a t Pi y qhi bs 

(4.7) */?c */3c 

V > (nn\V T a 1 ...a p a 1 ...a r , _\y T ai...a p ai...a I . 

* aic * a r c 

-{ P ,v)v a t Pi y bi ___ bs -...-( P , v )v a t Pi y qbi ___ bs 

* be ^ be 

+ (p, n 1 ^;;;; b r 2 :.t - + (p. v) v b T;^;Z lb . 

Corollary 4.2 in the particular case of Lie algebroids, (r],h) = (Mm, Idu) , we 
obtain 

rr a\...a p a\...a r r I '* TJ \ fx \ r r ai...a p ai...a r 
T ^ qbl ...b sh = F [P> Id * E ) ) '3,...yn...b> 

* exi !(! tip 

i l_r rpCtc<2...a p ai...a r „ m«i...a p -i«ai-«7- 

+P-H Q7 i /3 1 .../3„6i...6 s + ••• + P jH a 7 i /3 1 .../3„6i...6 s 
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, .. jj- r7 -,ai...Qpai...a r „ T ,ai...a p ai...a r 

( 4 - 6 ) -P H fS 1 ^ 1 ^ 2 ...f3 q b 1 ...b s - - " P jH /3 g 7 i /3 1 .../3,_ 1 /36i...6 s 

1 / j n ai...a p aa2...a r _ E7 r mtti...a p ai...a r -ia 

-P^a 7 J ( g 1 ... ( g 9 fe 1 ...b s " - P n a~ f 1 {3 1 ... l 3 q b 1 ...b s 

b ^ b 

3 q bb 2 ...b s "+" ••• "+" P u b e T L p 1 ...p q b 



I j_r rTiai...QipOi...a T . mai...a p ai...a r 
+P^&i 7 J /3 1 .../3„6b 2 ...fc s "T ••• +P-"fe s7 J /3 1 . ../3 6i. ..6 s _i6 



and 



(4.7)' 



* aic * QpC 
. TA maa2...a„ai...a r TA rr Qi...a p _iaai...a r 

+p^ T h...p£...b. +- + pv a T^y qbi ^ bs 

* 13c * /3c 

~P V fi x 1 l3/3 2 ...f3 q b 1 ...b s ~ ~ P v P, 1 1 ... l S q _ ll 3bi...b. 

* aic * a r c 

P^a 1 /3 1 .../3 q b 1 ...b s ••• ^« 1 f3 1 ...p q b 1 ...b s 

* be ^ be 

+P V 6i J ft... f3 q bb 2 ...b s ■■■ "T P V b s 1 p 1 ...p q b 1 ...b s - 1 b- 

In the classical case, (p,r],h) = (IdxE, IdM, IAm) , we obtain 

rpii...i p ai...a r _t /~- 1 ii...i p ai...a T .\ 
1 j 1 ...j q b 1 ...b s \k - ° k \ 1 j 1 ...j q b 1 ...b s ) 

i tt 1 rpii2---ipai---a r , , ^r V rph---ip-liai---a r 
' "'A''., ..,/,'■ .../,. "+" "T n ik 1 f3 l ...p q b 1 ...b s 



i A c \n tt mJi-.-ipOi.-Or jj rr Qi...Cfpai...a r 



* J * J 

r pl\...1 p (L\...(L v TT 

ii fc 3h-3qb\...b s ~ ■■■ ~ jqk- L j 1 ...j q _ 1 jb 1 ...b s 
tl ak 1 /3 1 .../3 q b 1 ...b a ■■■ n ak 1 f3 1 .../3 q b 1 ...b s 

+n b 1 k 1 p i ...f3 bb 2 ...b s + ••• + tthrh.J-R 
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and 

rpi\...i v a\...a r i c q / rpii...i p ai...a r \ 

ji...jqbi...bg I ~~ \_ j\...j q b\...b s J 



(4.7)" 



* HC ... * IpC 

+ 1 j 1 ...j q bi...b s -r--r^i 1 j 1 ...j q b 1 ...b s 

*jc . . *jc.. 

Jl jj2-jqbl...b s "' jg jl—jq-ljbl...b a 

* ttlC $ Ci r C 

— T/ rpii---t P aa2...a r _ _ T/ ™->H---%> a i--- a > — i<J 

~~ a ji—jqbi-.-bs ~ ■■■ ~ a j\...j q b 1 ...b s 

be . *, be 



I T7 T-i^l ...l p Cl\ ■ ■ .&r , rr-{i\...% p O,\...Q, r 

~*~ V bi 1 j 1 ...j q bb 2 ...b a -~ V b s 1 j 1 ...j q b 1 ...b s - 1 b- 

Definition 4.2 We assume that (£, vr, M) = (F, i/, AT) . 
If (p,r])F is a (p, 7/)-connection for the vector bundle ( E,rc,M \ and 



(p,v)H bc ,(p,r])H bc ,(p,7])V b ,(p,7])V b J 
are the components of a distinguished linear (p, 77) -connection for the generalized tangent 

(* * \ 

(p, ??) T.E, (p, 7])t^,E\ such that 

* a * a * ac * ac 

(P, ??) = (p, »?) and (p, 77) y 6 = (p, 77) F 6 , 



then we will say that the generalized tangent bundle y(p, 77) TE, (p, 77) r*^, E ) is endowed 
with a normal distinguished linear (p, 77) -connection on components 

(P^) H bcAp,v) Vb 

In the particular case of Lie algebroids, (77, /i) = (IdM,IdM) , the components of a 

P-f/T, pV^ I will be denoted I pH bc , pV b 
In the classical case, (p, 77, /t) = (IdTEi I&Mi I<Im) > the components of a normal 
distinguished linear ( IdrM, /eZM)-connection I iJ, V ) will be denoted I Hj k ,Vj 

5 The (p, ?7)-(pseudo)metrizability 

We consider the following diagram: 

£ ( F ' [> ]f,h > (P> 



M >■ N 
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where (E, it, M) G |B v | and ((F, v, M) , [, ] Fh , (p, n)) is a generalized Lie algebroid. Let 
(p, 77) T be a (p, 7/)-connection for the vector bundle ^E, n, M^j and let ^(p, 77) (p, 77) F 
be a distinguished linear (p, 7i)-connection for the generalized tangent bundle 



(p, V )TE, (p, V )r k ,E). 



Definition 5.1 A tensor d-field 

G = g aP d~z a ® dz? + g ab 5p a ® 5p 6 € PT^ f(p, r?) T£, (p, r?) r. , £ 

will be called pseudometrical structure if its components are symmetric and the matrices 

* * 

are nondegenerate, for any point u x £ E. 



9af3 I U x 



and 



9ab u 



ed metrical structure. 



has constant signature, then 



9 a /3 (X) and £r ab (u x ) 

Moreover, if the matrices 
the tensor d-field G will be ca ' 
Let 

G = g ali dz a <g> dz 13 + g ab Sp a ® 5p b 
be a (pseudo) metrical structure. If a, f3 G l,p and a, 6 G l,r, then for any vector local 
(to + r)-chart (V, S[/^ of ^E, tt, M^j , we consider the real functions 



and 



such that 



n (U) 



n (U) 



9 pa 



9ba 



and 



9ba Ux 



9 a p Ux 



^ab ( * 



,-1 



for any u x G tt (?7) \ < 0^ 



Definition 5.2 If around each point xGMit exists a local vector to + r-chart (u, su^j 

and a local TO-chart (U,(,u) such that <7 Q| g o o x 1(7*™) (x,p) and g ab o sy o 

x 7cZ]Rm) depends only on x, for any G 7r (U) , then we will say that the 

(pseudo)metrical structure 

G = g a pdz a <g> dz 13 + g ab 5p a <g> 5p b 

is a Riemannian (pseudo)metrical structure. 
If only the condition is verified: 

"^q/? s [/ (C;/ x -^R m ) { x iP) depends only on x, for any u x G tt (U)" respec- 
tively "g o s v o x Id^mj (x,p) depends only on x, for any u x G tt (U)" , then 
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we will say that the (pseudo)metrical structure G is a Riemannian H- (pseudo)metrical 
structure respectively a Riemannian V - (pseudo)metrical structure. 

Definition 5.3 If around each point x <G M there exists a local vector m + r- 

U, su J and a local m-chart (U, £jy) such that g a p o s v o (£~ x Id^mj (x,p) and 

</ a6 osy o (£^ x Id^m) (x,p) depends only on p, for any u x € tt (U) , then we will 
say that the (pseudo)metrical structure 

G = g ali dz a ® dz p + g ab 5p a <g> 5p b 

is a Minkowski (pseudo)metrical structure. 
If only the condition is verified: 

n 9aP os u °\iu x ^R m ) (^)P) depends only on p, for any u x G 7r ([/)" respectively 

"g ab o sjj o x /diRm) (x, j>) depends only on p, for any u x G 7r (£7) then we will 
say that i/ie (pseudo) metrical structure G is a Minkowski H- (pseudo) metrical structure 
respectively a Minkowski V '-(pseudo)metrical structure. 

Definition 5.4 If there exists a (pseudo) metrical structure 

G = g afi dz a <g> dz 13 + # afe 5p a ® 5p b 

and a distinguished linear (/?, ??) -connection 

* 

such that 

(5.1) (/>./,) D X G= 0. v:'.V e r( (/,.,/) (/>./,) r.,£) . 

then the generalized tangent bundle ( (p, n) TE, (p, i])t*^,E ) will be called {p, n)-(pseudo)metrizable 



Condition (5.1) is equivalent with the following equalities: 
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(5.2) g a0b = 0, g ab , = 0, g afi \ c = , g ab | c = 0. 



If <7 Q , ( g| 7 =0 and g ab ^ = 0, then we will say that the vector bundle \^(p, n) TE, (p, i])t*^,E 
is H-(p,r])-(pseudo)metrizable. 

If g a /3\ c =0 and g ab | c = 0, then we will say that the vector bundle (^[p, r q)TE,{p, r q) t *^,E 
is V-(p,rj)-(pseudo)metrizable. 

(* * \ 

(p, n) H, (p, if) V \ is a distinguished linear (p, n)- connection for the 

generalized tangent bundle ( (p, n) TE, (p, r])T^,EJ and G = g a /3dz a <S> dz@ + g ab Sp a <8> 
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5pb is a (pseudo)metrical structure, then the following real local functions: 

( P , r,) = h, a£ (r (p, idE^j (s^j gsa + r (p, id E ^j (s^j 9ei - r (p, id E ^j ^ 9fh 

+99eL e ll3 ohow- gpeL e 1£ o h o tt - go-,Lp £ obfj, 



* a * l 

(5.3) ^' ^ ^ = ^' ^ ^ + 2^ e56a 



|7 

(p,^)^ ={p,r,)V fi +-g a£ gep I , 



ac 



1 



(P, V) V b = -g be {p, Id E ) \ d jg ea + T [p, Id E j \ d j g ec -T [p, Id E J \ d ] g 

are components of a distinguished linear (p,rj) -connection such that the generalized tan- 



ac 



gent bundle i(p,rj)TE,(p,rj)T*^,E\ becomes (p,r])-(pseudo)metrizable. 

Corollary 5.1 In the particular case of Lie algebroids, (rj,h) = (Mm, Wm) , then 
we obtain 

P H M = ^g a£ (r (p, Id E ^j (s^j g £ /3 + r (p, Id E ^j (s^j g £1 - V (p, Id E ^j (s^j g M 

+ae e L e ll3 o h o 7T - gpeL 6 ie o h o n - ge-yLp £ obij, 

* a * a j 

(5 3)' pHb ^ = pHh "i + 2~9beg ea o > 
pVft = P V p + -g a£ 9ep I , 

pv7 = bbe { r (*P, Id E ) Id )g ea + T (p, Id E ) (d )g ec -r (*p, Id E ) (d ) g ac 



2 

In the classicale case, (p,rj,h) = (Idx E , I&M-, I&m) , then we obtain 



(5-3)" 



* 1 

Hjk 






* a 
H bk 


* a 
= H bk + 


^ n n ea 

gbey o ) 
2 \k 


* ic 
V 3 


* ic 

= v 3 + 


1 o c 

p;^« 1 

2# ffcj 1 > 


* ac 

v b 


= \dbc ( 





/ 0\ 

Theorem 5.2 7/i/ie distinguished linear (p, n)- connection I (p, 77) if, (p, 77) V I coincides 
with the Berwald linear (p, 77) -connection in the previous theorem, then the local real 
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functions: 

( P , V ) = l -g a£ (r (p, id E ^j (i^j 9e p + r (p, id E ^ (l^j 9n 

-r ^p, Id^) (l^) g Pl + gesL^p ohon -gpgL 9 ^ ohon- gg-,L e p £ o h o wj , 

!- ea 
2 |7 



c « 
* 

(5.4) (p,v)H bj 


_ d (p, rj) r fe7 


c ac 


1 „ dg £a 
~ 2 9l3£ d Pc ' 


(P,»/) ^ 


c ac 


1 fdg ea 
~2 9be \ d Pc 



are the components of a distinguished linear (p,r/)- connection such that the generalized 

/ * * \ 

tangent bundle I (p,rj)TE, (p,rj) r * , E I becomes (p,r])-(pseudo)metrizable. 



E 

Moreover, if the (pseudo) metrical structure G is %- and V -Riemannian, then the 
local real functions: 



c a c 



(p, n )H pi H=\F* (p'oho^ + pj,ohol& - p e £ oho^+ 
+9eeL e l/3 ohon - g^L^ohon - gg^L^oho^j , 

c a 

( 5 - 5 ) (n n) H _ d(p, V )r b ^ i (n i oho^ d 9 ea ^MEstL n da ^ME±l n e A 

c ac 

(p,*/)^ =o, 

c ac 

(p,r?)n =o. 

are the components of a distinguished linear (p,rj)- connection such that the generalized 

/ * * \ 

tangent bundle I (p,rj)TE, {p,rj) r * , E I becomes (p,r])-(pseudo)metrizable. 



E 

Corollary 5.2 /n the particular case of Lie algebroids, (r),h) = (IdM, Hm) , then 
we obtain 

c a 

1 



pH pi = -g ae (T [p, Id E ) J 9efi + r \p, Id E ) [5?) g n 

-V (p, Id E ^) (d E ^) g^ + g ee L e „ fj} o tt -gpoL e ie on- ge-yL 9 ^ o tt) , 



c o 



(5.4)' ^=^f + 2^ ?' 



c ac 



1 <% ea 



c ac 



1 



= TJ&e IT— + 



2 \ dp c dp a dp e 
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If the (pseudo)metrical structure G is %- and V-Riemannian, then 
pH M = X -T £ (r (~p, He) (s^j g e[i + r (*p, Id E ^j Up) g n 

-r (^p, Id E ^j ($e^J 5/37 + 966^ O 7T -000 L* e 90~/ L % ° ^) 



(5.5)' *T dpY^ 1. ea 

c ac 

^ =0 

c ac 

P F 6 =0 

In the classicale case, (p,n,h) = (IdxE, IdM, IcLm) , ^en we obtain 



c a 

h dT bk , i. ea 

C*Pa 2 | fc 

c * c 

1 



(5.4)" 



j 

c ac 



2 yjn d Pc ' 



1„ /<% ea d<? ec %° 
^6 = 7T56e -t; 1- 



2 V <%> c 9p a <9p e 

If the (pseudo)metrical structure G is %- and V-Riemannian, then 

c i 

* = l ~ih( d 9hj dg hk dg jk \ 

Jk 2 y \dx k dxi dx h J 

c a 

(5.5)" ir _8T bk , 1~ ( dg™ dr dk da 



H _ dT hk , 1 ~ / _ STdfe da _ dr dfc e rf\ 
■"ftfc- dp a ^ 29be y d Pe 9 dpa 9 J , 



c ic c ac 
* * 

Vj =0,V b = 0. 



Theorem 5.3 Let (p,r))T be a (p, 77) -connection for the vector bundle ( £ , ,tt,M J . Let 

(p,r/) H, (p, V )V 

be a distinguished linear (p,rj) -connection for 

* 

(p,r))TE,(p,r]) TyE 
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and let 

G = g a pdz a (g> dz 13 + g ab Sp a ® 5p b 
be a (pseudo) metrical structure. Let 

0% = \ {Wi ~ 9M~9 a£ ) , Off = \ (6^ + g M r) , 

(5.6) 

Ot = 2 " %c9 ae ) , = \ (We + ff6c5 ae ) , 

be the Obata operators. 

If the real local functions X^ y , X^ C ,Y^,Y^ C are components of tensor fields, then 
the local real functions given in the following: 



(5.7) 



* a 


c a 


(p, V) H M 


= ( P , v )H fh + o%jq! fi , 

c a 


* a 

(p, n) H bl 


= (p,r ] )H b ^ + O a b e d Y e d v 


* ac 


c cue 

C ac 


* ac 

(P,ri)V b 


= ( P ,v)v b +o;rr e dc , 



are the components of a distinguished linear (p,n)- connection such that the generalized 
tangent bundle I (p,r))TE, (p,rj) r * , E I becomes (p,n)-(pseudo)metrizable. 



E 

Corollary 5.2 In the particular case of Lie algebroids, (n,h) = (IdM, IcIm) , then 
we obtain 



C OL 



(5.7)' 



* a 

pH M 


* 

= pH^ + O^X^p, 

c a 


* a 

pH^ 


= P H bl + 0%Ye% 


* ac 

pv p 


c ac 

= pv p +o*^xr, 

c ac 


* ac 

pv b 


= py b +o* b rY e dc , 



In the classicale case, (p,n,h) = (IdxE, Ldpi, Idj^t) , then we obtain 



~)ih yl 
'kl^hj 

~)aevd 

11 i.u — 11 ku ~r *~ 

(5.7)" 

c ^ 
aic * 

^*ih vie 

"\*ae\sdc 
J bd I e > 





c « 


* i 


* 




= H jk 




c a 


* a 


* 


H b k 


= H bk 




c ic 


^ ic 


* 


V 3 


= v 




3 




c ac 


* ac 


* 


v b 


= v b 
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Theorem 5.3 Let (p,rj)T be a (p,rj)- connection for the vector bundle ( E, ir,M J . // 

/ * * \ 

[(p,ri)H, (p,v)V\ 



is a distinguished linear (p, rj)- connection for the generalized tangent bundle ^(p, 77) TE, (p, 77) r*^ E 1 
and 

G = g a pdz a <g> dz 13 + s- a6 5p a ® % 
is a (pseudo) metrical structure, then the real local functions: 

1 

(P, ??) #/3 7 = (p, ") #/3 7 + , 

z e/3|7 

* a t a 1 

(p, 7 ?) = iP: V) #67 + ^9be9 ea , 

(5.8) ^ It 

(p,r))Vp = (p,r,)V fi +-g a£ 9ep I , 

* ac * ac ^ C 

(p, r?) y 5 = (p, r?) y b + -5 be <7 ea I 

are the components of a distinguished linear (p, 77) -connection such that the generalized 

(p, 77) TE, (p, 77) t y E J becomes (p,r])-(pseudo)metrizable. 

Corollary 5.3 /n i/ie particular case of Lie algebroids, (r),h) = (IcIm, IcIm) , then 
we obtain 



* <* *o " 1 

pH M = pHp + -g a£ g , 

z e/3|7 



(5.8)' 



* a * a l 
pH bl = pH bl + -gbe9 ea > 

1 I7 

* ac t QC 1 C 
P^/3 = P^^ + ^9 a£ 9e/3 I , 

pF 6 = pF 6 + -g be g ea I 

In £/ie classicale case, (p,rj,h) = (IdTE, Id-M, IoIm) , then we obtain 

° l ~7i 

^ ft j I fe 

* a * a 1 
^bfe = -^bfc + T,9be9 ea 



(5.8)" 



2' |fc 

V i = V 3 + 2^ I ' 
V b =V b + -~g be g ea I 
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6 Generalized Hamilton (p, ?7)-spaces, Hamilton (p, ?7)-spaces 
and Cartan (p, ?7)-spaces 

We consider the following diagram: 



M 



such that (E, 7r, M) = (E, v, N) and the generalized tangent bundle 



(p, V )TE,(p,r))T h ,E 



is (p, ??)-(pseudo)metrizable. 
Let 

G = h ab dz a <8> dS b + s- a6 5p a ® 5p 6 
be a (pseudo) metrical structure and 



(P,V)H, (p,rj)V 



a distinguished linear (p, r/)-connection such that 



(p, n) D X G = 0, VX € r (^(p, r/) TE 1 , (p, V ) r . , Ej . 
Definition 6.1 A smooth Hamilton fundamental function on the dual vector bundle 



->■ K W 



hich satisfies the following conditions: 



E, 7T, MJ is a mapping E 

1. FoneC°°(M),foranyuer^E,£,M^ \ joj; 

2. H o € C° (M), where means the null section of I E, n, M 1 . 

If (V, St/) is a local vector (m + r)-chart for ^E, tt, , then real function 

jrab P^? d 2 H Put g ( g , m \ 
n ~ dpadp b - d P a \d Pb \ n >) 

*-l 

is defined on tt (U). 

Definition 6.2 If for any local vector m + r-chart (U, S[/) of (k, M^j , we have: 

H ab (X) 



(6.2 



rank 



for any u x G 7r ([/) \ <j X then we will say that the Hamiltonian H is regular. 



24 



Proposition 6.1 If the Hamiltonian H is regular, then for any local vector m + r- 
chart (u, sjj^j of ( E, n, M j , we obtain the real functions H ba locally defined by 



(6.3) 



* 1 (TT\ Hba > 

7T (U) ► 

* 

U x I > 



ba 



where 



H ba (u x ) = H ab (u x ^j \ for any u x e n V)\{o*}- 



Definition 6.3 A smooth Cartan fundamental function on the vector bundle ( E,ir,M 

K 



is a smooth Lagrange fundamental function E 
conditions: 



which satisfies the following 



1. K is positively 1-homogenous on the fibres of vector bundle ^E,tt,M ) ; 

2. For any local vector m + r-chart (if, su^J of ^E, n, M^j , the hessian: 



K 2ab ( u 



(6.4) 



is positively define for any u x € ir (U) \ yO x j- 

Definition 6.4 If the (pseudo) metrical structure G is determined by a (pseudo) metrical 
structure 

g = g ab dp a ®dp b ET° 2 (v (p, jj) TE, (p, jj) Ty Ej , 

namely 

G = g ab dz a <g> d~z b + g ab 5p a Sp b , 
then the (p, ??)-(pseudo)metrizable vector bundle 

(p,r])TE,(p,ri)T* ; ,E 

will be called the generalized Hamilton (p,n) -space. 

In particular, if the (pseudo) metrical structure g is determined with the help of a reg- 
ular Hamilton (Cartan) fundamental function, namely g = H ab dp a ®dp b [g = K 2ab dp a <S> dp b ^ . 
then the (p, ??)-(pseudo)metrizable vector bundle 

(p, V )TE,(p, V )T k ,E 

will be called the Hamilton (Cartan) (p,rj)- space. 

The generalized Hamilton (Idr*M, IdM)spaces, the Hamilton (Idr*M, /d^-spaces, 
and the Cartan (Idr*M, IdM)-sp&ces are the usual generalized Hamilton spaces, Hamil- 
ton spaces and Cartan spaces. 

Theorem 6.1 If the (pseudo) metrical structure G is determined by a (pseudo)metrical 
structure 

geT° 2 (v(p, V )TE, {p,v)r.,E 
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then, the real local functions: 

(p, V )H bc = ±g ae (t (pjd^j (T) gec + r(p,IdS) g be -T^p,Id h ) ( 5 e ) g bc 
(6.5) - 9cdLi e ohoK +g bd L^ c ohon - g ed Lf c ohonj , 



ac ' / \/ c\ / \ / . a 



(p, V) V b = -g b e \V [p, Id. E j \d jg ea + T (p, Id*) \d jg ec -T [p, Jd. j \ d j g° 

are the components of a normal distinguished linear (p, 77)- connection with (p, r\)-'H (TiTi) 
and (p, r])-V(W) torsions free such that the generalized tangent bundle 



(p, r/) TE, (p, r/) r^, E j becomes generalized Hamilton (p, rj)-space. 

This normal distinguished linear (p, ^-connection will be called the generalized linear 
(p,ij)- connection of Levi-Civita type. 

Corolary 6.1 In the particular case of Lie algebroids, (n,h) = (Mm, Wm) , then 
we obtain 

pH bc = \g ae (r (KidA (h) g ec + r (p,IdA (~S c ^j ~g be - r (p,IdA (~S e 



(6.5)' - 9edL be OTT +g bd L ec OTT - g e dL bc oiT j , 



PV7 = \%e \T (p, Id^j (d jg ea + T (p, Id^j (d j g ec - T (fi, Id^j \B j g ac 
In the classicale case, (p, 77, h) = (IoIte^ Id,M: -^m) •> then we obtain 

* ct / # # # 

(6-5)" .« 2 V 



Moreover, if (E,ir,M) = (TM,tm,M) , i/ien we obtain 

(6.5)'" ^ V ) 

v] =lg jh (d k g hi + d i g hk -d h g ik ) 



Theorem 6.2 Let y[p,rj) H,(p,rj)V j be the normal distinguished linear (p,rj)- 
connection presented in the previous theorem. If 

^ Ob / ^ ^ 

Tj a dz b ® d5 c g ^ (p, r/) TE 1 , (p,v)r*,E 



E 



and 



S b d ® 5p a ® 5p c € 7^ 2 ( (p, ??) TE, (p, t])t*^,E 
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- a *ac 



such that they satisfy the conditions: 

T bc = - T c6> §6 = -§& , Va6,c G l,r, 
then the following real local functions: 

(6.6) 



(P. V) H bc = (P, V) H bc + ^g ae ( g ed T bc - g bd T ec + g cd T be 



* * ac i / * ac * ec *ac 

(p,n)V b =(p,v)V b +-g b e-[g e % -g a % + g cd S d 

are the components of a normal distinguished linear (p, rj)- connection with (p, rj)-% {%%) 

and (p, r])-V(W) torsions a priori given such that the generalized tangent bundle 
* * \ 

(p, rf) TE, (p, 7])t^,E\ becomes generalized Hamilton (p, rj) -space. 
Moreover, we obtain: 

# a * a ^ a 

T bc = (P, V) H bc - (p, r/) H cb -L^ohon, 

\ ■ J ^ ac ^ ac ifCa 

§6 =(p,v)v b ~(p,v)V b . 

Corollary 6.2 In the particular case of Lie algebroids, (rj,h) = (IdM, Idu) , then 
we obtain 



(6.6)' 



and 



-.d ifd if d 



P H bc = pH bc + ^g ae [<jedT bc - gbd^ec + Qcd^be 
* ac * ac -i / *ac *ec *ae 



(6.7)' 



/'* -p\ i, +\gbc-(g e % -g a % +g c % 



if a * a * a 

T bc = pH bc -pH cb -L a bc o%, 



*ac 



* ac if ca 



\ =pV b - P v b . 
In the classicale case, (p,r],h) = (Mte, Id-M, Id-Ai) , then we obtain 



(6.6)" 



and 



(6.7)' 



a X 
hc + ~ 2 



* ac * ac 





/ * d 


* d % d \ 


■g ae 


[gedJbc - 


- #ta T ec + ffcdT fee J . 




/ *ac 


^ec *ae\ 


gbe ■ 


[g e % 




* a 


* a 


* a 




= #&c ~ 


-^cfc> 


*<2C 


* ac 


* ca 


s 6 


= - 


^ • 
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In particular, if (E,ir,M) = (TM,tm,M), then we obtain 



(6.6)' 



and 



(6.7)'" 



= H jk + ^ ( 9hl^ jk ~ 9jl^hk + fffc/ T jft j 

* lk * ife j / * ik * hk * ih 



3 ' 3 ' 2 





/ ^ ik 


if. hk 




(g h % 




* » 


* i 


* i 




= H jk - 






# ik 


if ki 




= Vj - 
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